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ABSTRACT

We describe an elementary argument from abstract ergodic theory that
can be used to prove mixing of hyperbolic flows. We use this argument
to prove the mixing property of product measures for geodesic flows on
(not necessarily compact) negatively curved manifolds. We also show
the mixing property for the measure of maximal entropy of a compact
rank-one manifold.

Introduction

The main purpose of this note is to present a simple argument to prove the
strong mixing property for dynamical systems with some hyperbolic behavior. It
is based ou an abstract lemma from ergodic theory that shows, at the level of
mixing, a symmetry between past and future. This appears as a counterpart for
the equality between limits of Birkhoff sums for positive and negative times that
is used in the celebrated Hopf argument for proving ergodicity of Anosov flows,
or the equality between the Pinsker algebras of a system and its time reversal,
which was used by Sinai to prove the much stronger K-property of hyperbolic
systems, from which the mixing property is usually deduced.

Hence, this approach avoids the difficult identification of the Pinsker algebras,
and thus allows one to deal with a number of systems for which it is still unclear
whether the K-property holds. In particular, one may consider geodesic flows on
not necessarily compact negatively curved manifolds and their ergodic properties
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with respect to Patterson—Sullivan measures, or geodesic flows on compact mani-
folds endowed with a non-positively curved metric of geometric rank one and the
mixing property for Knieper’s measure of maximal entropy. More singular spaces,
such as CAT(-1)-spaces or Gromov hyperbolic spaces, may also be considered.
Let us recall that proving the mixing property of some relevant measure, besides
having its own interest from the ergodic theoretical point of view, gives a way
towards counting lattice points in negatively curved manifolds and closed orbits
of hyperbolic systems and also for proving equidistribution results, as was first
shown by Margulis [M], and used since in different contexts; see, e.g., [EMcM],
[L], [Ro].

This note is organised as follows. In section 1, we state and prove the main
lemma. In section 2, we apply it to the systems mentioned above in order to
show that, as for classical hyperbolic systems, the main obstruction to mixing
is of a topological nature. In section 3, we connect the mixing property of the
geodesic flow with an equidistribution property for horospheres.
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like to thank F. Dal’bo, whose interest in the mixing property has been one of
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J.-P. Otal for enlightening discussions. G. Knieper has helped us in understanding
the rank-one case. Finally, T. Roblin’s thesis has been an important source of
inspiration for us.

1. A lemma from ergodic theory

The following lemma is an application to ergodic theory of the semi-group prop-
erties discussed in [HMP] for the weak limits of characters. It allows us to give
a more precise version of the well-known fact that, if the Fourier transform of a
measure on R or Z does not vanish at +oo, then it does not vanish at —oo either.

LEMMA 1: Let (X,B,m,(T;)tca) be a measure preserving dynamical system,
where (X, B) is a standard Borel space, m a (possibly unbounded) Borel measure
on (X,B) and (T})ic4 an action of a locally compact second countable abelian
group A on X by measure preserving transformations. Let ¢ € L%(X,m) be a
real-valued function on X such that f @ dm = 0 if m Is finite.

If there exists a sequence (t,,) going to infinity in A such that poT;, does not
converge to 0 in the weak-L? topology, then there exist a sequence (s,) going to
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infinity in A and a non-constant function v in L?(X, m) such that
poTs, —1 and @oT_, -1 in the weak-L? topology.

Remark 1: We do not know whether this lemma is true for an action of a non-
abelian group.

Remark 2: In the particular case of a Z-action, the Lemma suggests the
following question: let E* (resp. E~) be the set of those functions ¢ € L%(m)
for which there exists ¢ € L?(m) and a sequence (nj) tending to +oo (resp. —oo)
such that ¥ is a weak limit of ¢ o T™ . Does one have E* = E~7 After this
paper was submitted, we learnt from Y. Derriennic and T. Downarowicz that the
answer is yes and that it could be proved using similar ideas.

Proof of the Lemma: Let A be the dual group of A, that is the group of continn-
ous characters of A into the unit circle S!. By the spectral theorem, there exists
an isometry between the closure in L2 of the C-linear span of {po Tyt € A}
and L2(A, 1+, C) where the spectral measure p, is the probability measure on
A defined by the equality

vte A /¢0Tt¢dm:/Ft(x)du¢(z)
X a

and where Fy: A — S' is the dual character on A given by Fi(z) = z(t). This
isometry maps ¢ to Fy = 1 and intertwines the composition by 7; with the
multiplication by F;. Since, by assumption, ¢ o T;, does not converge to 0,
we may choose a non-zero element F' € L2(A, ) such that, after passing to a
subsequence, F; converges to F' in the weak-L? topology. But it is known that
the set W of limit points of characters is closed under pointwise multiplication
(HMP]. Let us recall briefly the argument. Let F = limF;, and F' = lim Fy,_
be two such limit points, where both sequence (¢,) and (¢,,) go to the point at
infinity in A. For any f € L*(4, s1,, C), we have

/F’Ftnfd/,ll(p = m!iriloo/Fti"Ft"f d,u@

for any fixed n. Hence, F'F;, belongs to W. Then, observing that |F’| < 1 so
that F'f € L2, we also have

/FF'fdugp :nli,lfoo/FtnF/fdu‘f"

We get that F'F” is a weak limit of a sequence in W, and thus also belongs to W
since W is closed.
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Now, since F' = lim F; , the conjugate function F is the limit of Fy, = F_;,
and, by the above, the function FF is the limit of F,, for some sequence s,, going
to infinity. Because FF is now real-valued, it is also the limit of the sequence
F_;,. Coming back to L%(X, .4, m), this gives a non-zero limit point 1 of both
sequences o T, and poT_, . It remains to show that ¢ is not constant. This
is 50 in the infinite measure case, since 1/ is in L2. In the finite measure case, this
follows from the fact that 9 is non-zero and satisfies [ ¥dm = lim [ poT; dm = 0.
]

Lemma 1 will be used through the classical

Fact: Let (o) be a sequence converging weakly in L2(X, B, m) to some function
¢. Then there is a subsequence (y,, ) such that the Cesaro averages

K2

1
AK2 = ﬁkz_:l(pnk

converge almost surely to 1.

Indeed, it follows from the proof of the Banach-Saks theorem (see, e.g., {RN],
p. 80) that there is a subsequence (5, ) such that the square of the L2-norm
of Ak — ¢ is O(1/K). The almost-sure convergence of (Agz) is then a simple
consequence of the Borel-Cantelli lemma.

To illustrate the previous lemma, let us give a direct proof of the well known
fact that a hyperbolic automorphism 7' of the torus is mixing with respect to
the Lebesgue measure. Recall that, for each point p of the torus, the stable leaf
and the unstable leaf of p are transversal at p, and the Lebesgue measure m
is absolutely continuous with respect to the product of the Lebesgue measures
on the leaves. If T were not mixing, there would exist a continuous function
¢ such that [¢dm = 0 and ¢ o T™ does not go to 0 in the weak L? topology
when n tends to infinity. Applying Lemma 1 gives a non-constant function ¢
which is the almost sure limit of Cesaro averages of ¢, for both positive times
and negative times. By the continuity of ¢ and the hyperbolicity of T, we get
that 1 is constant on almost any stable leaf, and on almost any unstable leaf.
Fubini’s theorem then implies that % is constant almost surely, a contradiction.

This argument can clearly be extended to hyperbolic transformations, for mea-
sures which have a product structure with respect to both stable and unstable
foliations. For hyperbolic flows, however, the flow direction is neutral, and one
has to deal with the fact that the flow may not be mixing for obvious topolog-
ical reasons. For instance, an Anosov flow on a connected compact manifold is
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topologically mixing if and only if it is not a (constant) suspension of an Anosov
diffeomorphism, or equivalently, if the direct sum of both strong stable and strong
unstable distributions is not integrable [An]. By Arnold’s argument, topological
mixing holds for geodesic flows on compact negatively curved manifolds [AA],
but may not hold for geodesic flows on more singular spaces like trees.

To illustrate Lemma 1 in the case of flows, we shall concentrate in the next
section on geodesic flows of manifolds which are non-compact or non-negatively
curved and show how Lemma 1 still allows one to reduce the mixing property of
product measures to a topological property.

2. Geodesic flows

General references for this section are [Bal], [Ba2] and [E]. We consider a
Hadamard manifold M, i.e., a simply connected Riemannian manifold with ev-
erywhere non-positive sectional curvatures. The boundary at infinity OM of M
is the set of equivalent classes of geodesic rays, where two rays are equivalent
if and only if they remain at bounded distance apart. We shall deviate slightly
from the terminology of [Bal] and say that two rays r,7s: [0,4+00[— M are
asymptotic if dist(r;(¢),r2(t)) goes to 0 as ¢ tends to +oo. For a point z at
infinity, the Busemann cocycle centered at x is defined for any two points p
and ¢ in M by
B.(p,q) = lim dist(p, 7) — dist(q, 7).
T

The horosphere centered at x and based at p is the level set
{q € M; B,(p,q) = 0}.

Let T' be a torsion-free discrete group of isometries of M. The geodesic flow
(§¢) acts on the unit tangent bundle T*M and commutes with the action of T
The quotient flow (g¢) on I\T'M is the geodesic flow of the manifold M = I'\ M.
Since we are going to study the mixing property of (g¢) with respect to “product”
measures, we have to describe more precisely the product structure of T'M. Let
us first consider the case of negatively curved manifolds.

2.1. GEODESIC FLOWS ON NEGATIVELY CURVED RIEMANNIAN MANIFOLDS.
We assume now the curvature to be bounded away from 0. Then two distinct
points at infinity are connected by a unique geodesic, so that the space G of ori-
ented bi-infinite geodesics on M coincides with the set 82M of pairs of distinct
points at infinity. The unit tangent bundle T* M fibers over 82M by mapping any
vector v to the pair w(v) := (v—,v") of the end points of the geodesic supported
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by v. Hence, T'M can be identified with 92M x R. and the geodesic flow (j;) of
M acts by translation on R.

In strictly negative curvature, two equivalent geodesic rays are asymptotic.
This fact translates into hyperbolicity of the geodesic flow: For any v € M,
let H, be the horosphere centered at v* and based at the foot point of v. Then
the set W**(v) of inward unit normal vectors to H, is the strong stable leaf of
the vector v, which means that for any w € W**(v) one has

dist{g¢(v), Gr(w)) = 0 ast — 4oo.

Accordingly, any two vectors in W**(v) := —W**(—v) get closer and closer when
applying the geodesic flow (g;) with negative time ¢ & —oo, so that W**(v) is
the strong unstable leaf of v.

The interesting dynamics of the quotient flow (g;) take place on the non-
wandering set 2 of (g;), which can be described as follows. Let first A C M be
the limit set of I, that is the smallest closed I'-invariant subset in the boundary
at infinity. We assume that I" is non-elementary and therefore that the limit set
is infinite. Then the set A2 — Diag of pairs of distinct limit points is closed and I'-
invariant in 82M, and therefore 7~ (A% —Diag) is now invariant under both I' and
the geodesic flow g;. Then the non-wandering set of (g;) is 2 = I'\n~!(A% - Diag)

We shall be interested in invariant measures of the geodesic flow that have some
product structure with respect to this product decomposition of T*M. First note
that any invariant measure m of the geodesic flow of M lifts to a measure m on
T1M which is both T' and §;-invariant. Therefore, one may decompose 7 as
m = u® dt where p is a -invariant Radon measure on the space of oriented
geodesics %M, ie., a {geodesic) current of I'. Obviously, m is supported on

the non-wandering set if and only if the corresponding current is supported on
A2

Definition [Ka2]: An invariant measure of the geodesic flow on a negatively
curved manifold M is called a quasi-product measure if there exist two probability

measures v~ and vt on the boundary at infinity such that the geodesic current
associated with m is equivalent to v~ ® v.

Let us recall the main examples of quasi-product measures. For co-compact I,
quasi-product measures have been extensively studied since the Gibbs measure
of any Holder potential is of this type. For any group I', the Liouville measure
and the harmonic measure are quasi-product measures: in the first case, v~ =
vt = A, is the Lebesgue measure on the sphere at infinity identified with the
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unit sphere around some point p, and in the second case, v~ = v = v, is the
harmonic measure of the Brownian motion starting at p [Kal]. In all these cases,
these measures are of full support.

The construction of quasi-product measures supported on the non-wandering
set £ goes back to Sullivan in the constant curvature case: he noticed that, in
the ball model of the hyperbolic n-space, the measure dv(z)dv(y)/|z — y|*° is a
geodesic current for I' if v is a Patterson measure of the group I" and § its critical
exponent [Su].

The previous examples are particular cases of the following construction [Kal]:
a family () ¢ yr of finite measures on OM is called a I-invariant density if the
measures v, all belong to the same measure class and satisfy y*v, = v, for any
isometry v in I'. Then the measure v, ® v, is quasi-invariant under the diagonal
action of T' on 92M. If, for some (and hence for all) p, its Radon—Nikodym
derivative is a coboundary

BV D vz, 7v.9)

(33) fp(ma y)

dvp dvy

for some measurable function f,: 92M —]0, +00[, then the measure p,(dz, dy) =
Iy &, y)dvy(z)dup(y) on 9°M is a geodesic current and thus gives rise to a
quasi-product measure for the geodesic flow.

For instance, one gets the analogue of the Patterson—Sullivan measure in the
variable curvature case when (v,) is a density on the limit set which is 4-
conformal, i.e.,

@__q‘(x) — e_(sBI (paq)

dvy,
[Kal]. For co-compact T', it is also the measure of maximal entropy, and coincides
therefore with the Bowen-Margulis measure [Hal]. In the non-cocompact case,
this measure is finite under some geometric conditions on the group I' [DOP).
We can now state:

THEOREM 1: Let M be a simply connected Riemannian manifold with all sec-
tional curvatures bounded away from 0 on the negative side. Let T’ be a non-
elementary discrete group of isometries of M. Then either any quasi-product
measure for the geodesic flow on F\TlM is mixing, or the length spectrum of
the geodesic flow is contained in a discrete subgroup of R.

Recall that the length spectrum of (g¢) is the collection of the lengths of
all closed geodesics in T\T'M. The group generated by the length spectrum is
known to be dense in R in a large number of cases, e.g., for compact manifolds,
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for rank-one locally symmetric spaces, for surfaces of variable negative curvature
and for manifolds whose fundamental group contains parabolic elements. This
property is equivalent to topological mixing of the geodesic flow restricted to (2.
We refer to [D] and the references therein.

Note that we do not assume the measure to be finite. In the infinite measure
case, by the mixing property, we mean the following: for any Borel sets A and B
with finite measure, the measure of AN gy B goes to 0 as ¢ tends to +00. Equiva-
lently, ¢ o g; converges weakly to 0 for any function ¢ in a dense subspace of L2.
In this case, this property is indeed very weak: it neither implies conservativity
nor ergodicity of the flow. Moreover, it is easily seen to hold when the flow is
totally dissipative.

It seems that Theorem 1 was not known in that generality, but there were
many special results, where the assertion could often be strengthened: for Gibbs
measures in negatively curved compact manifolds, the geodesic flow is known
to be Bernoulli. When M is a rank-one symmetric space and T' a lattice, the
mixing property of the Liouville measure is a special case of the Howe-Moore
theorem; when TI" is supposed to be geometrically finite, the Patterson—Sullivan
measure is also Bernouilli [Ru], [N]. For real hyperbolic spaces, Roblin has stud-
ied bi-conformal infinite invariant measures (where the densities v~ and v* are
conformal, but not necessarily with the same exponent), and has given the exact
rate of decay towards 0 [Ro].

Proof of Theorem 1: Recall from [Ka2] that a conservative quasi-product mea-
sure m is supported on the non-wandering set {2, and is ergodic. Let u be the
ergodic current associated with m. Suppose that m is not mixing. Then, there
exists a continuous function ¢ on §2 with compact support such that ¢ o g; does
not converge weakly to 0. By the results of Section 1, we may find a non-constant
function ¢ which is the almost sure limit of Cesaro averages of ¢ for positive and
negative times. Let 1/; be its lift to the universal cover T'M. We first smooth 1&
along the flow by considering the function (also denoted ¢) v — foe (G5 (v))ds.
Choosing e sufficiently small ensures that it is not constant, and now there exists
a set Fy of full y-measure in 2M such that, for each v € 7~ 1(Ej), the func-
tion t — 1/;(§tv) is well defined and continuous at any real value ¢. The closed
subgroup of R given by the periods of ¢ — &(gtv) only depends of the geodesic
(z,y) containing v, so that we get a measurable map from Ej into the set of
closed subgroups of R. Since this map is obviously I'-invariant, it has to be
constant p-almost surely by the ergodicity of u. Suppose that this subgroup is
R. This means that 121 does not depend on time, so that it defines a I'-invariant



Vol. 129, 2002 ON THE MIXING PROPERTY FOR HYPERBOLIC SYSTEMS 69

function on A%? — Diag. By the ergodicity of y again, this function is constant
almost-surely, in contradiction with the fact that ¢ is not constant. Therefore,
there exists a > 0 such that this closed subgroup equals ¢Z on a set F; C Fy of
full g-measure.

We shall now see that the cross-ratio of any four points in the limit set belongs
to aZ.

Note that 15 is the almost-sure limit of the corresponding smoothed Cesaro
averages of @, so that if ¥+ and ¢~ are respectively the upper limit of these
averages for positive and negative times, the set

E={(z,y) € Ey; ¢+ (v)=¢ (v)=4¢(v) foranyver(z,y)}

has full g-measure. By the hyperbolicity of the geodesic flow and the uniform
continuity of ¢, ¢t is constant along any stable leaf, and zﬁ_ is constant along
any unstable leaf.

We now use the product structure of the geodesic current u to define

E~ ={z € A;(z,v) € E v (dy')-as}

and
Et ={yeA;(a,y) € E v (dz')-as}.

By Fubini’s theorem, we have v~ (E~) = vT(E*) = 1 and therefore E~ x E+
has full g-measure.

Fix (z,y) in EN(E~ x Et). We choose (z',y’) such that the geodesics (z',y),
(z,y") and (2',y’) also belong to E. Since (z,y) is in E~ X E*, such (z',y’) have
full p-measure. Now, we start with a vector v on the geodesic (z,y) and define
inductively v; € W (v) on the geodesic (z/,y), v € W*%(v;1) on the geodesic
(z',y") and vs € W**(v3) on the geodesic (z,y’). Finally, we end up with a
vector v4 on the unstable leaf of v3 and supported on the initial geodesic (z,y).
Then 9(v) = P(v1) = --- = P(vy) since all functions ¥, = and 4 coincide on
these four geodesics. On the other hand, vy = §,(v) where 7 = B(z,z’,y,y’) is
precisely the cross-ratio of these points [O]. Therefore B(z,z’,y,y) is a period
of t — 1(§;v) and thus belongs to aZ. Since the support of the geodesic current
p coincides with A% the assertion follows by the continuity of the cross-ratio.

To conclude, we recall that the length of a closed geodesic represented
by a hyperbolic element v in the group equals twice the absolute value of
B(xfyr, Ty, Y, v.y) for any y € OM, where xf; and z7, the fixed points of v, belong
to A [O]. We get therefore that if a quasi-product measure m is not mixing, then
the length spectrum is contained in a discrete subgroup of R. To obtain the
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reverse implication, we observe that a measure with support 2 cannot be mixing
if the flow is not topologically mixing on €. This proves Theorem 1. |

Remark: Theorem 1 can be extended to geodesic flows on Cat(-1) spaces, using
the appropriate notion of the cross-ratio as defined in {HP].

We shall now study compact manifolds with some vanishing curvatures.

2.2. GEODESIC FLOWS ON RANK ONE COMPACT MANIFOLDS. In this section,
we come back with a Hadamard manifold M , and we assume now that M admits
a co-compact torsion-free discrete group of isometries I' and that the manifold
M = F\M is irreducible. Then, according to the rank rigidity theorem, M is
either a locally symmetric space of higher rank, or is rank one in the sense of
Ballmann [Ba2], [BS]. In the first case, the geodesic flow is not ergodic with
respect to the Liouville measure; in the second case, ergodicity of the Liouville
measure is still an open question. We shall study here another invariant measure
of the geodesic flow on a rank one manifold which has been constructed by
Knieper as the unique measure maximizing entropy. This measure is known
to be ergodic [Kn| and we shall in fact show:

THEOREM 2: Let M be a compact rank-one manifold, and my,, be the measure
of maximal entropy for the geodesic flow. Then myo, is mixing.

To prove this, we first recall the definition and some properties of rank-one
compact manifolds [Ba2], [Kn]. The rank of a vector v in the unit tangent
bundle T'M of a Hadamard manifold is the dimension of the space of parallel
Jacobi fields along the geodesic supported by v. One says that M is rank one
if there exists a rank-one vector. This infinitesimal condition translates to a
global one when the manifold M admits a discrete group of isometries T’ satis-
fying Eberlein’s duality condition and, in particular, when I' is co-compact: if
a geodesic is rank one, then it does not bound a totally geodesic embedded flat
strip ([Ba2] Prop. IV.4.4.). We get a splitting of T'M into two I-invariant sets
which are respectively the open set of rank-one vectors, the regular set, and its
complement.

Let G be the space of oriented non-parametrised geodesics, provided with the
topology of Hausdorff convergence on compact sets, and R C G be the open sub-
set of regular geodesics. The main difference between negatively curved manifolds
and rank-one manifolds is the fact that the map

G M
¢ — (e(—00), c(400))
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is no longer a homeomorphism between G and 92M. However, it induces a
homeomorphism between R C ¢ and its image, according to the following lemma:

LEMMA 2 ([Ba2], Lemma I11.3.1): Let ¢ be a rank-one geodesic in M, and c(0)
a point on c¢. For each R > 0 there exist neighborhoods U of ¢(—o00) and V of
¢(+00) in MUM such that, for any x € U and y € V, there is a unique rank-one
geodesic connecting x and y. Moreover, this geodesic intersects the ball of radius
R centered at ¢(0).

Therefore, we may identify R with an open subset of 32M and the regular set
with R x R.

We shall say that two regular geodesics zy ~ (z,y) and z'y’ ~ (2',y') define
a quadrilateral (z,z’,y,y’) if there exist regular geodesics connecting the pairs
(z,y") and (2',y), respectively. By Lemma 2, the set Q of quadrilaterals is an
open neighborhood of the diagonal in R x R.

PROPOSITION-DEFINITION: Let (z,2',y,y’) be a quadrilateral, and (p,), (p),),
(gn) and (¢.,) be sequences of points in M converging to z, «', y and y', respec-
tively. Then the limit of

B(pn, P> 4n, 4y,) = dist(pn, ¢n) + dist(p;,, ¢;,) — dist(pn, q,,) — dist(p},, gn)

exists as n tends to infinity and does not depend on the choice of the converging
sequences. This limit is called the cross-ratio of the quadrilateral and denoted
by B(z,2',y,y").

Proof: The proof of this proposition is similar to that given in [O] in the negative
curvature case, except that one has to deal with the fact that two geodesics rays
defining the same point at infinity are not necessarily asymptotic. Let Hy, Hy,
H, and H,: be four horospheres centered at z, ', y and y/, respectively, and M,
be the complementary set in M of the union of the four corresponding horoballs.
These horospheres can be chosen to be pairwise disjoint, so that the intersection
of the four geodesics zy, z'y’, zy’ and z'y with M, consists of four geodesic
segments with respective length dy, ds, d3 and d4. Set

B(z,z',y,y') = di + dy — d3 — dy.

Note that this number does not depend on the choice of the horospheres. Since
we have regular geodesics, the geodesics pngn, PLqh, Png,, and pl g, converge
respectively towards zy, z'y’, zy’ and 2’y by Lemma 2. In particular, their
intersection with M, contains four segments which converge respectively towards
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the previous ones. To prove the proposition, it suffices therefore to show that
the contribution of the remaining parts of these geodesics goes to 0 as n tends to
infinity. Let us focus on one horosphere. For n large enough, denote by a (resp.
an, @', al) the point where the geodesic zy (resp. pngn, zy', Png),) leaves Hy.
We have to show that

By, (an,ap,) = dist(an, pn) — dist(al,pp) = 0 asn — +oc.

Since (py,) converges to z, the Busemann cocycle B, (.,.) converges uniformly
on compact sets to By(.,.). Since a, — a and a), — o, we get 0 = By(a,a’) =
lim, By, (an,a}) as desired. 1

COROLLARY: The cross-ratio is a continuous function on Q.

The following property of the cross-ratio has been pointed out to us by J.-P.
Otal:

FacT: The cross-ratio of two intersecting geodesics defining a quadrilateral is
strictly positive.

Proof: Let zy and z'y’ be two regular geodesics intersecting at some point p,
and choose p, and ¢, (resp. p}, and ¢/,) on the geodesic zy (resp. z'y’). We have

B(pnsPhyr an, 4h) = B(pn, ps 01,5 p) + B, @, p, 4,)-

Moreover,

B(pn,p,P,,p) > B(p1,p,p1,p) and  Blgn.p,q,,p) > B(q1,p,q1,p)

for n large enough by the triangular inequality. The two right-hand-side terms
are strictly positive since the geodesic segments p1¢1 and pjg; make an angle.
Therefore, from the definition of the cross-ratio, B(z,z',y,y’) > 0. ]

Let us now prove Theorem 2. The measure myop, of maximal entropy gives full
mass to the regular set and is ergodic. Therefore, we may consider the geodesic
current p associated to it, which is a I-invariant ergodic measure giving full
measure to R C §2M. Moreover, p is equivalent to the product v ® v for some
probability measure v with full support oM [Kn]. Suppose, as in the negative
curvature case, that myp is not mixing. The same construction gives aset £ C R
of full p-measure, a real number a and a I'-invariant function 4 defined on the
regular set such that, for each (z,y) € E, ¥ induces a continuous function along
the geodesic zy with discrete group of periods aZ. Consider the subset E, C E of
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recurrent geodesics in E. It has full p-measure, by Poincaré recurrence since 1p
is finite. On the other hand, for a regular recurrent vector the set of outward unit
vectors to the horosphere defined by v is indeed a stable leaf for the geodesic flow
(Prop. 4.1, [Kn]). Thus, the same argument applies and shows that the cross-
ratio of v%-almost any quadrilateral belongs to aZ. This holds therefore for any
quadrilateral by continuity. As a consequence, the cross-ratio of any quadrilateral
sufficiently close to (z,z,y,y) vanishes, since B(z,z,y,y) = 0. This now leads
to a contradiction, since choosing a point p on the geodesic zy and a regular
geodesic 'y’ passing through p and sufficiently close to zy gives a quadrilateral
with strictly positive cross-ratio. Theorem 2 is proved. ]

Theorem 2 raises the question whether one could adapt the Margulis approach
to solve Katok’s conjecture on the number of closed geodesics of a compact rank-
one manifold [BK].

3. Equidistribution of horospheres

It is a well known fact that any closed horocycle on a Riemann surface of finite
volume gets equidistributed on the surface when pushed by the geodesic flow [Sa).
In fact, the same holds with a piece of any (unstable) horocycle, and we shall
now see that this property can be extended to more general manifolds. More
precisely, let M = F\M be a negatively curved manifold, with non-wandering set
Q and non-arithmetic length spectrum. We consider a quasi-product measure m
of the geodesic flow with the following properties:

(a) m is a finite measure supported on  ( m(Q) = 1),

(b) the geodesic current p associated with m can be written as

du(z,y) = [z, y)dv™ (z)dvT (y)

where f is a continuous function on 82M.

Since m is finite, it is conservative, and it is mixing by Theorem 1.

We fix an origin o in M. Then, denoting vy the base boint of a unit vector v,
we can identify TM with 82M xR using the I'-equivariant map v — (v, v*,r)
where 7 = B,-(0,vp). With this parametrization, a point o in the boundary

and a subset J not containing o give rise to a piece of an unstable leaf in T*M
which is {z¢} x J x {0}.

THEOREM 3: With the above notations, let J be a closed subset of the boundary
with non-zero v+ measure, and z¢ a point of the limit set not belonging to J.
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Then for any bounded and uniformly continuous function ¢: T'M — R, one has

__1_ 7 dl/+(y)
CJ(mO)[I¢($O,y’t)f($0’y) ——>/Q¢dm ast - +oo.

Here, ¢ is the D-invariant lift of ¢ and cj(zg) is the normalisation constant

[ydv* W)/ f (o, y).

Theorem 3 shows that the piece of the unstable horosphere g:({zo} x J x {0})
gets equidistributed according to m when projected on the unit tangent bundle

of M. This generalizes the case of a finite volume Riemann surface since, in
the disk model of the hyperbolic plane, the geodesic current associated with the
Liouville measure can be written as dz dy/|z — y|?, and the measure dy/|zo —y|?
on the horocycle {xg} x J x {0} is the Lebesgue measure.

Theorem 3 applies for the case of groups with finite Patterson—Sullivan mea-
sure mpg, and shows in particular that closed horospheres get equidistributed
according to mpg, when integration on the horosphere is taken with respect to
the Patterson measure at infinity.

Theorem 3 is a straightforward consequence of the mixing property of the
geodesic flow with respect to m. Indeed, we may first suppose that ¢ is positive,
and that J is small enough that there exists a compact neighborhood Iy of zg
with IoNJ = and 7y > 0 such that Iy x J x [0, 79] embeds in T\T'M. Then for
any € > 0, one may choose a compact neighborhood I C Iy of g and 0 < < 1
such that the following two properties holds:

(1) 1-€< flzo,y)/flz,y) <1+ e forany (z,y) € I x J,

(i) |p(z,y,t +7) — d(xo,y,t)| < € for any (z,y) € I x J, 0 < 7 < 5 and any
t>0.

The second property holds since choosing I and 7 sufficiently small ensures
that, for z € T and 0 < r < 7, the vectors (z,y,7) and (zo,y,0) are close,
uniformly in y € J. Moreover, since they both belong to the same (weak) stable
leaf, flowing them by the geodesic flow does not increase their distance.

We note that v~ (I) > 0 since the support of v~ is the limit set of T'.

It follows from these two estimates that the integral

1 2 dv*(y)
e (o) /ﬁ““’y’” F (@0, 1)

differs from

1 . 2 (@)dvt(y)
cr(zo)nv=(I) /Ix.Ix[O,n] oyt tr) f(z,9) ar
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by at most (1 + i—f:iqﬂoo) By the mixing property of the geodesic flow, we may

now choose ¢ large enough that fIxe[O al qNS(x,y,t + r)@;}ff;—;(y)dr differs by

m(I x J x [0,1)) Jo ¢dm from at most env~(I). The conclusion follows.

References

[AA] V. Arnold and A. Avez, Ergodic Problems of Classical Mechanics, Addison-
Wesley, Amsterdam, 1988.

[An] D. Anosov, Geodesic flows on Riemannian manifolds with negative curvature,
Proceeings of the Steklov Institute of Mathematics 90 (1967).

[Bal] W. Ballmann, Axial isometries of manifolds of non-positive curvature,
Mathematische Annalen 259 (1982), 131-144.

[Ba2] W. Ballmann, Lectures on spaces of nonpositive curvature, DMV Seminar,
Band 25, Birkhauser, Basel, 1995.

[BK] K. Burns and A. Katok, Manifolds with non positive curvature, Ergodic
Theory and Dynamical Systems 5 (1985), 307-317.

[BS] K. Burns and R. Spatzier, Manifolds of non-positive curvature and their build-
ings, Publications Mathématiques de [I'Institut des Hautes Etudes
Scientifiques 65 (1987), 35-59.

D] F. Dal’bo, Topologie du feuilletage fortement stable, Annales de VInstitut
Fourier (Grenoble) 50 (2000), 981-993.

[DOP] F. Dal'bo, J.-P. Otal and M. Peigné, Séries de Poincaré des groupes géo-
métriquement finis, Israel Journal of Mathematics 118 (2000), 109-124.

(E] P. Eberlein, Geometry of Non-positively Curved Manifolds, The University of
Chicago Press, 1996.

[EMcM] A. Eskin and C. McMullen, Mixing, counting and equidistribution in Lie
groups, Duke Mathematical Journal 71 (1993), 181-209.

[Hal] U. Hamenstidt, A new description of the Bowen—Margulis measure, Ergodic
Theory and Dynamical Systems 9 (1989), 455-464.

[HMP] B. Host, J-F. Mela and F. Parreau, Analyse harmonique des mesures,
Asterisque 135-136 (1986).

[HP] S. Hersonsky and F. Paulin, On the rigidity of discrete isometry groups
of negatively curved spaces, Commentarii Mathematici Helvetici 72 (1997),
349-388.

[Kal] V. Kaimanovich, Invariant measures and measures at infinity, Annales de
I'Institut Henri Poincaré. Physique Théorique 53 (1990), 361-393.



76

[Ka2]

(Kn]

L]

[M]

(N]

[0]

[RN]

[Ro]

M. BABILLOT Isr. J. Math.

V. Kaimanovich, Ergodicity of harmonic invariant measures for the geodesic
flow on hyperbolic spaces, Journal fiir die reine und angewandte Mathematik
455 (1994), 57-103.

G. Knieper, The uniqueness of the measure of maximal entropy for geodesic
flows on rank 1 manifolds, Annals of Mathematics 148 (1998), 291-314.

F. Ledrappier, A renewal theorem for the distance in negative curvature,
Proceedings of Symposia in Pure Mathematics 57 (1995), 351-360.

G. A. Margulis, Applications of ergodic theory for the investigation of
manifolds of negative curvature, Functional Analysis and its Applications 3
(1969), 335-336.

F. Newberger, Ergodic theory of the Bowen-Margulis measure on exotic
hyperbolic spaces, Preprint, University of Maryland, 1998.

J.-P. Otal, Sur la géométrie symplectique de ’espace des géodésiques d’une
variété & courbure négative, Revista Matematica Iberoamericana 8 (1992),
441-456.

F. Riesz and B. Sz. Nagy, Legons d’analyse fonctionelle, 5éme édition,
Gauthier-Villars, Paris, 1968.

T. Roblin, Sur la théorie ergodique des groupes discrets, These de ’Université
d’Orsay, 1999.

D. J. Rudolph, Ergodic behaviour of Sullivan’s geometric measure on a geo-
metrically finite hyperbolic manifold, Ergodic Theory and Dynamical Systems
2 (1982), 491-512.

P. Sarnak, Asymptotic behavior of periodic orbits of the horocycle flow and
Eisenstein series, Communications on Pure and Applied Mathematics 34
(1981), 719-739.

D. Sullivan, Entropy, Hausdorff measures old and new and limit sets of geo-
metrically finite Kleinian groups, Acta Mathematica 153 (1984), 259-277.



