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ABSTRACT 

We describe an elementary argument from abstract  ergodic theory that  

can be used to prove mixing of hyperbolic flows. We use this argument 

to prove the mixing property of product measures for geodesic flows on 

(not necessarily compact) negatively curved manifolds. We also show 

the mixing property for the measure of maximal entropy of a compact 

rank-one manifold. 

Introduct ion  

The main purpose of this note is to present a simple argument to prove the 

strong mixing property for dynamical systems with some hyperbolic behavior. It  

is based oil an abstract  lemma from ergodic theory that  shows, at the level of 

mixing, a symmetry  between past and future. This appears as a counterpart for 

the equality between limits of Birkhoff sums for positive and negative times that  

is used in the celebrated Hopf argument for proving ergodicity of Anosov flows, 

or the equality between the Pinsker algebras of a system and its t ime reversal, 

which was used by Sinai to prove the much stronger K-proper ty  of hyperbolic 

systems, from which the mixing property is usually deduced. 

Hence, this approach avoids the difficult identification of the Pinsker algebras, 

and thus allows one to deal with a number of systems for which it is still unclear 

whether the K-proper ty  holds. In particular, one may consider geodesic flows on 

not necessarily compact negatively curved manifolds and their ergodic properties 
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with respect to Patterson Sullivan measures, or geodesic flows on compact mani- 

folds endowed with a non-positively curved metric of geometric rank one and the 

mixing property for Knieper's measure of maximal entropy. More singular spaces, 

such as CAT(-1)-spaces or Gromov hyperbolic spaces, may also be considered. 

Let us recall that  proving the mixing property of some relevant measure, besides 

having its own interest from the ergodic theoretical point of view, gives a way 

towards counting lattice points in negatively curved manifolds and closed orbits 

of hyperbolic systems and also for proving equidistrihution results, as was first 

shown by Margulis [M], and used since in different contexts; see, e.g., [EMcM], 

[L], [Ro]. 
This note is organised as follows. In section 1, we state and prove the main 

lemma. In section 2, we apply it to the systems mentioned above in order to 

show that,  as for classical hyperbolic systems, the main obstruction to mixing 

is of a topological nature. In section 3, we connect the mixing property of the 

geodesic flow with an equidistribution property for horospheres. 

ACKNOWLEDGEMENT: The main lemma here was communicated by F. Parreau, 

as a result of a conversation with him. I very gratefully thank him. I would also 

like to thank F. Dal'bo, whose interest in the mixing property has been one of 

our main motivations for this work, M. Peign6, for his warm encouragement and 

J.-P. Otal for enlightening discussions. G. Knieper has helped us in understanding 

the rank-one case. Finally, T. Roblin's thesis has been an important  source of 

inspiration for us. 

1. A l e m m a  f r o m  e rgod i c  t h e o r y  

The following lemma is an application to ergodic theory of the semi-group prop- 

erties discussed in [HMP] for the weak limits of characters. It  allows us to give 

a more precise version of the well-known fact that,  if the Fourier transform of a 

measure on R or Z does not vanish at +oc,  then it does not vanish at - o c  either. 

LEMMA 1: Let ( X , B , m ,  (Tt)t~A) be a measure preserving dynamical system, 

where ( X ,  I3) is a standard Borel space, m a (possibly unbounded) Borel measure 

on (X, 13) and (T~)teA an action of  a locally compact second countable abelian 

group A on X by measure preserving transformations. Let qo E L2(X,  m) be a 

real-valued function on X such that f ~ dm = 0 i f  m is finite. 

I f  there exists a sequence (tn) going to infinity in A such that ~ o Ttn does not 

converge to 0 in the weak-L 2 topology, then there exist a sequence (sn) going to 
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infinity in A and a non-constant fimction ~b in L2(X, m) such that 

o T~,, -+ r and ~ o T _ ~  ~ r in the weak-L ~ topology. 

Remark 1: We do not know whether this lemma is true for an action of a non- 

abelian group. 

Remark 2: In the particular case of a Z-action, the Lemma suggests the 

following question: let E + (resp. E - )  be the set of those functions r E L2(m) 

for which there exists r E n2(m) and a sequence (nk) tending to +oo (resp. - oo )  

such that  r is a weak limit of r o T nk_ Does one have E + = E - ?  After this 

paper was submitted, we learnt from Y. Derriennic and T. Downarowicz that  the 

answer is yes and that  it could be proved using similar ideas. 

Proof of the Lemma: Let A be the dual group of A, that  is the group of continu- 

ous characters of A into the unit circle S 1, By the spectral [heorem, there exists 

an isometry between the closure in L 2 of the C-linear span of {~o o Tt, t E A} 
and Le(/i ,  #~,, C) where the spectral measure #~ is the probability measure on 

defined by the equality 

Vt E A ~ ~o T,~d,n = Ft(x)d#~(x) 

and where Ft: ft ~ S 1 is the dual character on .~ given by Ft(x) = x(t). This 

isometry maps ~ to F0 - 1 and intertwines the composition by Tt with the 

multiplication by Ft. Since, by assumption, ~ o Tt~ does not converge to 0, 

we may choose a non-zero element F ~ L2(.4, #~) such that,  after passing to a 

subsequence, Ft~ converges to F in the weak-L 2 topology. But it is known that  

the set W of limit points of characters is closed under pointwise multiplication 

[HMP]. Let us reca[[ briefly the argument. Let F = limFt~ and F ~ = lim Ft- 
be two such limit points, where both sequence (tn) and (t~) go to the point at 

infinity in A. For any f E Lz(-~, #~, C)~ we have 

f F ' F t ~ f d # ~ =  ,~+~olim f Ft-Ft~fdt,~ 
for any fixed n. Hence, F~Ft,~ belongs to W. Then, observing that  ]F'] _< 1 so 

that F' f E L ~, we also have 

f FF' fd#~,= n-~+~lim f FtnF'fd~,. 
We get that  F F  ~ is a weak limit of a sequence in W, and thus also belongs to W 

since W is closed. 
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Now, since F = limFt~, the conjugate function F is the limit of F t n =  F-tn 
and, by the above, the function F/~ is the limit of F ~  for some sequence sn going 

to infinity. Because F/~ is now real-valued, it is also the limit of the sequence 

F _ ~ .  Coming back to L2(X,,4,  m), this gives a non-zero limit point r of both 

sequences ~ o T~, and ~ o T_~ . .  It  remains to show that  r is not constant. This 

is so in the infinite measure case, since r is in L 2. In the finite measure case, this 

follows from the fact that  r is non-zero and satisfies f Cdm = lim f ~oT~ n d m =  0. 
| 

Lemma 1 will be used through the classical 

FACT: Let ( ~ )  be a sequence converging weakly in L2(X, t~, m) to some function 

r Then there is a subsequence (~nk) such that the Cesaro averages 

K 2 
1 E ~ k  AK2 = - ~  

k = l  

converge almost surely to r 

Indeed, it follows from the proof of the Banach Saks theorem (see, e.g., [RN], 

p. 80) that  there is a subsequence (~nk) such that  the square of the L2-norm 

of AK - r is O(1/K). The almost-sure convergence of (AK~) is then a simple 

consequence of the BoreLCantelli  lemma. 

To illustrate the previous lemma, let us give a direct proof of the well known 

fact that  a hyperbolic automorphism T of the torus is mixing with respect to 

the Lebesgue measure. Recall that ,  for each point p of the torus, the stable leaf 

and the unstable leaf of p are transversal at p, and the Lebesgue measure m 

is absolutely continuous with respect to the product of the Lebesgue measures 

on the leaves. If T were not mixing, there would exist a continuous function 

r such that  fCdm -- 0 and r o T ~ does not go to 0 in the weak L 2 topology 

when n tends to infinity. Applying Lemma 1 gives a non-constant function 

which is the almost sure limit of Cesaro averages of r for both  positive times 

and negative times. By the continuity of r and the hyperbolicity of T, we get 

that  r is constant on almost any stable leaf, and on almost any unstable leaf. 

Fubini's theorem then implies that  r is constant almost surely, a contradiction. 

This argument can clearly be extended to hyperbolic transformations, for mea- 

sures which have a product structure with respect to both stable and unstable 

foliations. For hyperbolic flows, however, the flow direction is neutral, and one 

has to deal with the fact that  the flow may not be mixing for obvious topolog- 

ical reasons. For instance, an Anosov flow on a connected compact manifold is 
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topologically mixing if and only if it is not a (constant) suspension of an Anosov 

diffeomorphism, or equivalently, if the direct sum of both strong stable and strong 

unstable distributions is not integrable [An]. By Arnold's argument, topological 

mixing holds for geodesic flows on compact negatively curved manifolds [AA], 

but may not hold for geodesic flows on more singular spaces like trees. 

To illustrate Lemma 1 in the case of flows, we shall concentrate in the next 

section on geodesic flows of manifolds which are non-compact or non-negatively 

curved and show how Lemma 1 still allows one to reduce the mixing property of 

product measures to a topological property. 

2. G e o d e s i c  f lows  

General references for this section are [Ball, [Ba2] and [El. We consider a 

Hadamard manifold/V/, i.e., a simply connected Riemannian manifold with ev- 

erywhere non-positive sectional curvatures. The boundary at infinity 0!~/of  h~/ 

is the set of equivalent classes of geodesic rays, where two rays are e q u i v a l e n t  

if and only if they remain at bounded distance apart.  We shall deviate slightly 

from the terminology of [Ball and say that  two rays rl,r2: [0, +oo[-+ 2~/ are 

a s y m p t o t i c  if dist(rl(t),r2(t)) goes to 0 as t tends to +oc. For a point x at 

infinity, the B u s e m a n n  cocye le  c e n t e r e d  a t  x is defined for any two points p 

and q in J~/by 

Bx(p, q) = lim dist(p, 7") - dist(q, r). 
r - - ~ x  

The h o r o s p h e r e  centered at x and based at p is the level set 

{q �9 M; Bx(p,q) ---- 0}. 

Let F be a torsion-free discrete group of isometries of 21~/. The geodesic flow 

(gt) acts on the unit tangent bundle T1/l~/ and commutes with the action of F. 

The quotient flow (gt) on F\T1/~/ is  the geodesic flow of the manifold M = F\/~/. 

Since we are going to study the mixing property of (gt) with respect to "product" 

measures, we have to describe more precisely the product structure of T1M. Let 

us first consider the case of negatively curved manifolds. 

2.1. GEODESIC FLOWS ON NEGATIVELY CURVED RIEMANNIAN MANIFOLDS. 

We assume now the curvature to be bounded away from 0. Then two distinct 

points at infinity are connected by a unique geodesic, so that  the space G of ori- 

ented bi-infinite geodesics on M coincides with the set 022~/ of pairs of distinct 

points at infinity. The unit tangent bundle T1/~/fibers over 02M by mapping any 

vector v to the pair 7r(v) := (v - ,  v +) of the end points of the geodesic supported 
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by v. Hence, T1.]~/can be identified with 02/~/•  R and the geodesic flow (gt) of 

/~ /ac t s  by translat ion on R.  

In strictly negative curvature, two equivalent geodesic rays are asymptotic .  

This fact translates into hyperbolicity of the geodesic flow: For any v E T1/V/, 

let 7-/v be the horosphere centered at v + and based at the foot point of v. Then  

the set WSS(v) of inward unit normal vectors to 7-/v is the strong stable leaf of 

the vector v, which means tha t  for any w C WS~(v) one has 

dist(gt(v),gt(w)) ~ 0 as t --+ +00. 

Accordingly, any two vectors in W 8~*(v) :=  - W  ~ ( - v )  get closer and closer when 

applying the geodesic flow (gt) with negative time t ~ - o c ,  so tha t  W'~(v)  is 

the s trong unstable leaf of v. 

The interesting dynamics of the quotient flow (gt) take place on the non- 

wandering set ~ of (gt), which can be described as follows. Let first A C 02~/be 

the l imi t  s e t  of F, tha t  is the smallest closed F-invariant subset in the boundary  

at infinity. We assume tha t  F is non-elementary and therefore tha t  the limit set 

is infinite. Then  the set A 2 - Diag of pairs of distinct limit points is closed and F- 

invariant in 022i?/, and therefore re-1 (A 2 - D i a g )  is now invariant under bo th  r and 

the geodesic flow 9t. Then  the non-wandering set of (gt) is ['1 = F \Tr - I (A 2 - D i a g )  

[E]. 

We shall be interested in invariant measures of the geodesic flow that  have some 

product  s tructure with respect to this product  decomposit ion of T12~/. First note 

tha t  any invariant measure m of the geodesic flow of M lifts to a measure rh on 

T1]i?/ which is bo th  F and ~t-invariant. Therefore, one may decompose rh as 

~ = # | dt where # is a F-invariant Radon measure on the space of oriented 

geodesics 022I~/, i.e., a ( g e o d e s i c )  c u r r e n t  of F. Obviously, m is supported on 

the non-wandering set if and only if the corresponding current is supported on 
A 2" 

Detinition [Ka2]: An invariant measure of the geodesic flow on a negatively 

curved manifold M is called a quasi-product  measure if there exist two probabili ty 

measures v -  and v + on the boundary  at infinity such that  the geodesic current 

associated with m is equivalent to u -  | v +. 

Let us recall the main examples of quasi-product  measures. For co-compact  F, 

quasi-product  measures have been extensively studied since the Gibbs measure 

of any HSlder potential  is of this type. For any group F, the Liouville measure 

and the harmonic measure are quasi-product  measures: in the first case, u -  = 

u + = Ap is the Lebesgue measure on the sphere at infinity identified with the 
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unit sphere around some point p, and in the second case, u -  = u + = Up is the 

harmonic measure of the Brownian motion star t ing at p [Kal]. In all these cases, 

these measures are of fllll support.  

The construct ion of quasi-product  measures supported on the non-wandering 

set f~ goes back to Sullivan in the constant  curvature case: he noticed that ,  in 

tile ball model of the hyperbolic n-space, the measure du(x)du(y) / Ix  - yl 2~ is a 

geodesic current for F if u is a Pat terson measure of the group F and 5 its critical 

exponent [Su]. 

The previous examples are particular cases of the following construct ion [Kal]: 

a family (Up)per4 of finite measures on 02V/is called a F - i n v a r i a n t  d e n s i t y  if the 

measures up all belong to the same measure class and satisfy 3'*v~) = uT. p for any 

isometry ~, in F. Then  the measure Up | up is quasi-invariant under the diagonal 

action of F on 0221~/. If, for some (and hence for all) p, its Radon Nikodym 

derivative is a coboundary  

d~* ~p ~ , d~* Up fp(%x,  %y) (y)- 

for some measurable function fp: 025~/--4]0, +oc[,  then the measure #p(dx, dy) = 

fp l (x ,y )dup(x)dup(y)  on 02M is a geodesic current and thus gives rise to a 

quasi-product  measure for the geodesic flow. 

For instance, one gets the analogue of the Pat terson Sullivan measure in the 

variable curvature case when (Up) is a density on the limit set which is 5- 
conformal,  i.e., 

dpq 
dup (x) = e - b B ~ ( p ' q )  

[Kal]. For co-compact  F, it is also the measure of maximal  entropy, and coincides 

therefore with the Bowen-Margulis  measure [Hall. In the non-cocompact  case, 

this measure is finite under some geometric conditions on the group F [DOP]. 

We can now state: 

THEOREM 1: Let JVI be a simply connected Riemannian manifold with all sec- 

tional curvatures bounded away from 0 on the negative side. Let F be a non- 

elementary discrete group of isometries of JVI. Then either any quasi-product 

measure for the geodesic flow on F\T1/~/  is mixing, or the length spectrmn of 

the geodesic flow is contained in a discrete subgroup of R .  

Recall tha t  the l e n g t h  s p e c t r u m  of (gt) is the collection of the lengths of 

all closed geodesics in F\T1/~/.  The group generated by the length spec t rum is 

known to be dense in R in a large number  of cases, e.g., for compact  manifolds, 
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for rank-one locally symmetric spaces, for surfaces of variable negative curvature 

and for manifolds whose fundamental group contains parabolic elements. This 

property is equivalent to topological mixing of the geodesic flow restricted to ~. 

We refer to [D] and the references therein. 

Note that  we do not assume the measure to be finite. In the infinite measure 

case, by the mixing property, we mean the following: for any Borel sets A and B 

with finite measure, the measure of A N g t B  goes to 0 as t tends to +oc.  Equiva- 

lently, ~ o gt converges weakly to 0 for any function ~ in a dense subspace of L 2. 

In this case, this property is indeed very weak: it neither implies conservativity 

nor ergodicity of the flow. Moreover, it is easily seen to hold when the flow is 

totally dissipative. 

It  seems that  Theorem 1 was not known in that  generality, but there were 

many special results, where the assertion could often be strengthened: for Gibbs 

measures in negatively curved compact manifolds, the geodesic flow is known 

to be Bernoulli. When ~ / i s  a rank-one symmetric space and F a lattice, the 

mixing property of the Liouville measure is a special case of the Howe-Moore 

theorem; when P is supposed to be geometrically finite, the Patterson Sullivan 

measure is also Bernouilli [Ru], [N]. For real hyperbolic spaces, Roblin has stud- 

ied bi-conformal infinite invariant measures (where the densities u -  and v + are 

conformal, but not necessarily with the same exponent), and has given the exact 

rate of decay towards 0 [Ro]. 

Proof of Theorem 1: Recall from [Ka2] that  a conservative quasi-product mea- 

sure m is supported on the non-wandering set ~, and is ergodic. Let p be the 

ergodic current associated with m. Suppose that  m is not mixing. Then, there 

exists a continuous function ~ on ~ with compact support such that  ~a o gt does 

not converge weakly to 0. By the results of Section 1, we may find a non-constant 

function r which is the almost sure limit of Cesaro averages of ~ for positive and 

negative times. Let r be its lift to the universal cover T1/~/. We first smooth 

along the flow by considering the function (also denoted (p) v ~ fo (P([78(v))ds. 
Choosing ~ sufficiently small ensures that  it is not constant, and now there exists 

a set Eo of full p-measure in 02M such that,  for each v E ~r-l(Eo), the func- 

tion t ~ (P(~tv) is well defined and continuous at any real value t. The closed 

subgroup of R given by the periods of t ~ (P([Ttv) only depends of the geodesic 

(x, y) containing v, so that  we get a measurable map from E0 into the set of 

closed subgroups of R.  Since this map is obviously F-invariant, it has to be 

constant p-almost surely by the ergodicity of p. Suppose that  this subgroup is 

R.  This means that  r does not depend on time, so that  it defines a F-invariant 
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function on A 2 - Diag. By the ergodicity of it again, this function is constant 

ahnost-surely, in contradiction with the fact that r is not constant. Therefore, 

there exists a _> 0 such that this closed subgroup equals aZ on a set E1 C E0 of 

full it-measure. 

We shall now see that the cross-ratio of any four points in the limit set belongs 

to aZ. 

Note that r is the almost-sure limit of the corresponding smoothed Cesaro 

averages of ~5, so that if r  and r  are respectively the upper limit of these 

averages for positive and negative times, the set 

E = {(x ,y)  �9 El; ~+(v)  = ~ - ( v )  = ~(v) for any ~ �9 ~ - l ( ~ , y ) }  

has full p-measure. By the hyperbolicity of the geodesic flow and the uniform 

continuity of r r  is constant along any stable leaf, and r  is constant along 

any unstable leaf. 

We now use the product structure of the geodesic current # to define 

and 

E -  : {x �9 A; (x, y') �9 E .+(dy')-a.s} 

E+ = {y �9 A; (x', y) �9 E , - (dx' ) -a . s} .  

By Fubini's theorem, we have u - ( E - )  = , + ( E  +) = 1 and therefore E -  • E + 

has full #-measure. 

Fix (x, y) in E n  ( E -  • E+).  We choose (x', y') such that the geodesics (x', y), 
(x, y') and (x', y') also belong to E. Since (x, y) is in E -  • E +, such (x', y') have 

full #-measure. Now, we start with a vector v on the geodesic (x, y) and define 

inductively vl �9 WSS(v) on the geodesic (x',y), v2 �9 WS~'(Vl) on the geodesic 

(x',y') and v3 �9 WSS(v2) on the geodesic (x,y'). Finally, we end up with a 

vector v4 on the unstable leaf of v3 and supported on the initial geodesic (x, y). 

Then r -- ~(Vl) . . . . .  r since all functions ~, ~ -  and r  coincide on 

these four geodesics. On the other hand~ v4 = ~ ( v )  where T = B(x,  x', y, y') is 

precisely the cross-ratio of these points [0]. Therefore B(x,  x', y, y') is a period 

of t --+ (P([hv) and thus belongs to aZ. Since the support of the geodesic current 

# coincides with i 2, the assertion follows by the continuity of the cross-ratio. 

To conclude, we recall that the length of a closed geodesic represented 

by a hyperbolic element ~/ in the group equals twice the absolute value of 

B(x  +, x~, y, 7-Y) for any y �9 0/~/, where x + and x~, the fixed points of 7, belong 

to A [0]. We get therefore that if a quasi-product measure m is not mixing, then 

the length spectrum is contained in a discrete subgroup of R. To obtain the 
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reverse implication, we observe that  a measure with support ~ cannot be mixing 

if the flow is not topologically mixing on fL This proves Theorem 1. | 

Remark: Theorem 1 can be extended to geodesic flows on Cat(-1) spaces, using 

the appropriate notion of the cross-ratio as defined in [HP]. 

We shall now study compact manifolds with some vanishing curvatures. 

2.2. G E O D E S I C  FLOWS ON RANK ONE C OM P ACT MANIFOLDS.  In this section, 

we come back with a Hadamard manifold 5/ ,  and we assume now that  5 / a d m i t s  

a co-compact torsion-free discrete group of isometrics P and that  the manifold 

M = F \ 5 /  is irreducible. Then, according to the rank rigidity theorem, M is 

either a locally symmetric space of higher rank, or is rank one in the sense of 

Ballmann [Ba2], [BS]. In the first case, the geodesic flow is not ergodic with 

respect to the Liouville measure; in the second case, ergodieity of the Liouville 

measure is still an open question. We shall study here another invariant measure 

of the geodesic flow on a rank one manifold which has been constructed by 

Knieper as the unique measure maximizing entropy. This measure is known 

to be ergodic [Kn] and we shall in fact show: 

THEOREM 2: Let M be a compact rank-one manifold, and mtop be the measure 

of maximal entropy for the geodesic flow. Then mtop is mixing. 

To prove this, we first recall the definition and some properties of rank-one 

compact manifolds [Ba2], [Kn]. The r a n k  of a vector v in the unit tangent 

bundle T15 /  of a Hadamard manifold is the dimension of the space of parallel 

Jacobi fields along the geodesic supported by v. One says that  5 /  is rank one 

if there exists a rank-one vector. This infinitesimal condition translates to a 

global one when the manifold 5 /  admits a discrete group of isometrics P satis- 

fying Eberlein's duality condition and, in particular, when F is co-compact: if 

a geodesic is rank one, then it does not bound a totally geodesic embedded flat 

strip ([Ba2] Prop. IV.4.4.). We get a splitting of T 1 5 / i n t o  two F-invariant sets 

which are respectively the open set of rank-one vectors, the r e g u l a r  set ,  and its 

complement. 

Let G be the space of oriented non-parametrised geodesics, provided with the 

topology of Hausdorff convergence on compact sets, and 7r C G be the open sub- 

set of regular geodesics. The main difference between negatively curved manifolds 

and rank-one manifolds is the fact that  the map 

6 ~ 025I 

c -~ (c ( -~) ,  c(+~))  
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is no longer a homeomorphism between G and 02JV/. However, it induces a 

homeomorphism between 7~ C ~ and its image, according to the following lemma: 

LEMMA 2 ([Ba2], Lemma III.3.1): Let c be a rank-one geodesic in MI, and c(O) 

a point on c. For each R > 0 there exist neighborhoods U of c(-oo) and V of 

c(+oo) in J~Iu01~I such that, for any x E U and y E V, there is a unique rank-one 

geodesic connecting x and y. Moreover, this geodesic inte~ects the ball of radius 

R centered at c(O). 

Therefore, we may identify 7~ with an open subset of a2/V/and the regular set 

with ~ • R. 

We shall say that two regular geodesics xy ~_ (x, y) and x'y' ~- (x', y') define 

a q u a d r i l a t e r a l  (x, x ~, y, y') if there exist regular geodesics connecting the pairs 

(x, y') and (x', y), respectively. By Lemma 2, the set Q of quadrilaterals is an 

open neighborhood of the diagonal in 7~ • 7~. 

PROPOSITION-DEFINITION: Let (x, x', y, y') be a quadrilateral, and (Pn), (P'n), 

(qn) and (q~) be sequences of points in 2VI converging to x, x', y and y', respec- 

tively. Then the limit of 

(Pn, Pn,/an, qn' ) := dist(p~, qn) + dlst(p~,' ' q~)' - dist(pn, qtn) - dist(p~, q~) 

exists as n tends to infinity and does not depend on the choice of the converging 

sequences. This limit is called the cross-ratio of the quadrilateral and denoted 

by B(x, x', y, y'). 

Proof.- The proof of this proposition is similar to that given in [O] in the negative 

curvature case, except that one has to deal with the fact that two geodesics rays 

defining the same point at infinity are not necessarily asymptotic. Let Hx, Hx,, 

Hy and Hy, be four horospheres centered at x, x ~, y and yt, respectively, and Mo 

be the complementary set in ~ / o f  the union of the four corresponding horoballs. 

These horospheres can be chosen to be pairwise disjoint, so that the intersection 

of the four geodesics xy, xty ~, xy r and xty with Mo consists of four geodesic 

segments with respective length dr, d2, da and d4. Set 

B(x, x ~, y, y~) = dl + d2 - d3 - d4. 

Note that this number does not depend on the choice of the horospheres. Since 
/ I ! ! we have regular geodesics, the geodesics P~qm Pnqn, P'~qn and Pnq,~ converge 

respectively towards xy, x~y ~, xy' and x~y by Lemma 2. In particular, their 

intersection with Mo contains four segments which converge respectively towards 
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the previous ones. To prove the proposition, it suffices therefore to show that  

the contribution of the remaining parts of these geodesics goes to 0 as n tends to 

infinity. Let us focus on one horosphere. For n large enough, denote by a (resp. 

an, a ~, am) the point where the geodesic xy (resp. P~qn, xy', Pnq~) leaves H~. 

We have to show that  

Bp,~(an,a~n) = dist(an,pn) - dist(a~,pn) --+ 0 as n --+ +co. 

Since (Pn) converges to x, the Busemann cocycle Bpn (., .) converges uniformly 
] 

on compact sets to Bx(., .). Since an --+ a and a n --+ a', we get 0 = Bx(a ,a  ~) = 

limn Bp, (an, a~) as desired. | 

COROLLARY: The cross-ratio is a continuous function on Q. 

The following property of the cross-ratio has been pointed out to us by J.-P. 

Otal: 

FACT: The cross-ratio of two intersecting geodesics defining a quadrilateral is 

strictly positive. 

Proof  Let xy and x~y t be two regular geodesics intersecting at some point p, 

and choose Pn and qn (resp. pin and q~n) on the geodesic xy (resp. x~y'). We have 

B(Pn,P~,qn,q~) B(pn, ' = p, Pn ,p )+B(p ,  qn,P,q~). 

Moreover, 

! I ! 
_ B(qn, p, qn, P) > B(ql, p, q~, p) B(pn,p,p~,p) > B(pl,P, Pl,P) and 

for n large enough by the triangular inequality. The two right-hand-side terms 

are strictly positive since the geodesic segments Plql and pllqtl make an angle. 

Therefore, from the definition of the cross-ratio, B(x, x ~, y, y~) > O. | 

Let us now prove Theorem 2. The measure | top  of maximal entropy gives full 

mass to the regular set and is ergodic. Therefore, we may consider the geodesic 

current # associated to it, which is a F-invariant ergodic measure giving full 

measure to 7~ C 022V/. Moreover, # is equivalent to the product u | u for some 

probability measure u with full support 021~/ [Kn]. Suppose, as in the negative 

curvature case, that  mtop is not mixing. The same construction gives a set E C 7~ 

of full #-measure, a real number a and a F-invariant function r defined on the 

regular set such that,  for each (x, y) E E,  ~ induces a continuous function along 

the geodesic xy with discrete group of periods aZ. Consider the subset Er  C E of 
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recurrent geodesics in E. It  has full #-measure, by Poincar6 recurrence since mtop 

is finite. On the other hand, for a regular recurrent vector the set of outward unit 

vectors to the horosphere defined by v is indeed a stable leaf for the geodesic flow 

(Prop. 4.1, [Kn]). Thus, the same argument applies and shows that  the cross- 

ratio of u4-almost any quadrilateral belongs to aZ. This holds therefore for any 

quadrilateral by continuity. As a consequence, the cross-ratio of any quadrilateral 

sufficiently close to (x, x, y, y) vanishes, since B(x, x, y, y) = 0. This now leads 

to a contradiction, since choosing a point p on the geodesic xy  and a regular 

geodesic xly ~ passing through p and sufficiently close to xy  gives a quadrilateral 

with strictly positive cross-ratio. Theorem 2 is proved. | 

Theorem 2 raises the question whether one could adapt  the Margulis approach 

to solve Katok 's  conjecture on the number of closed geodesics of a compact rank- 

one manifold [BK]. 

3. Equidistribution of horospheres 

It is a well known fact that  any closed horocycle on a Riemann surface of finite 

volume gets equidistributed on the surface when pushed by the geodesic flow [Sa]. 

In fact, the same holds with a piece of any (unstable) horocycle, and we shall 

now see that  this property can be extended to more general manifolds. More 

precisely, let M = F \ ]~ /be  a negatively curved manifold, with non-wandering set 

and non-arithmetic length spectrum. We consider a quasi-product measure m 

of the geodesic flow with the following properties: 

(a) m is a finite measure supported on ~ (m(f~)  = 1), 

(b) the geodesic current # associated with m can be written as 

d#(x, y) = f - l ( x ,  y )dv- (x )du+(y)  

where f is a continuous function on 02M. 

Since m is finite, it is conservative, and it is mixing by Theorem 1. 

We fix an origin o in 217/. Then, denoting v0 the base boint of a unit vector v, 

we can identify TI]I : /with 0257/x R using the F-equivariant map v --+ (v - ,  v +, r) 

where r = By-(o,  v0). With this parametrization, a point x0 in the boundary 

and a subset J not containing x0 give rise to a piece of an unstable leaf in T I ~ /  

which is {Xo} x d x {0}. 

THEOREM 3: With the above notations, let d be a closed subset of  the boundary 

with non-zero u + measure, and Xo a point of  the limit set not belonging to J.  
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Then for any bounded and uniformly continuous function r T 1 M  -+ R,  one has 

~' du+(Y) /~  1 r y, + Cdm as t --+ +oc. 
ej(xo) 

Here, r is the F-invariant lift of r and cj(xo) is the nornmlisation constant 

f j  du + (y) / f (xo,  y). 

Theorem 3 shows that  the piece of the unstable horosphere gt({xo) x g x {0)) 
gets equidistributed according to m when projected on the unit tangent bundle 

of M. This generalizes the case of a finite volume Riemann surface since, in 

the disk model of the hyperbolic plane, the geodesic current associated with the 

Liouville measure can be written as dx dy/[x - y[2, and the measure dy / [xo -  yl 2 
on the horocycle {Xo} • J • {0} is the Lebesgue measure. 

Theorem 3 applies for the case of groups with finite Patterson Sullivan mea- 

sure mRs,  and shows in particular that  closed horospheres get equidistributed 

according to mRS, when integration on the horosphere is taken with respect to 

the Patterson measure at infinity. 

Theorem 3 is a straightforward consequence of the mixing property of the 

geodesic flow with respect to m. Indeed, we may first suppose that  r is positive, 

and that  J is small enough that  there exists a compact neighborhood Io of Xo 

with Io n J -- O and ~o > 0 such that  Io • J x [0, ~/0] embeds in F\TlJV/. Then for 

any ~ > 0, one may choose a compact neighborhood I c Io of xo and 0 < 71 <_ ~o 

such that  the following two properties holds: 

(i) 1 - e < f (xo,  y ) / f ( x , y )  < 1 + e for any (x,y)  e I x J ,  

(ii) I r  - r <_ e for any (x,y) e I • J ,  0 < r < ~ and any 

t > O .  

The second property holds since choosing I and ~/ sufficiently small ensures 

that,  for x E I and 0 _< r _< ~/, the vectors (x ,y , r )  and (x0, y,O) are close, 

uniformly in Y C J.  Moreover, since they both belong to the same (weak) stable 

leaf, flowing them by the geodesic flow does not increase their distance. 

We note that  u -  (I)  > 0 since the support of u -  is the limit set of F. 

It  follows from these two estimates that  the integral 

1 ~ dv+(y) 
cj(xo) $(xo, y,t) f(xo, y) 

differs from 

1 ~ ~ (x , y , t+r )dU- (x )du+(Y)d  r 
cj(xo)zlu-(I)  • f ( x , y )  
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by at most ~(1 + 1+~ ]~_~1r By the mixing property of the geodesic flow, we may 
dr- (x)du + (y) , 

now choose t large enough that  fIxJ• r  y, t + r) f(x,y) ar differs by 

• J • [0,,j]) fa  Cd.  from at most (I). The conclusion follows. 
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